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Series expansions for the solution of the
Dirichlet problem in a planar domain
with a small hole
M. Dalla Riva a,∗, P. Musolino b and S.V. Rogosin c
a Centro de Investigação e Desenvolvimento em Matemática e Aplicações (CIDMA),
Universidade de Aveiro, Portugal
b Dipartimento di Matematica, Università degli Studi di Padova, Italy
c Institute of Mathematics, Physics and Computer Science (IMPACS), Aberystwyth University, UK
Abstract. We consider the Dirichlet problem for the Laplace equation in a planar domain with a small hole. The diameter of
the hole is proportional to a real parameter ε and we denote by uε the corresponding solution. If p is a point of the domain, then
for ε small we write uε(p) as a convergent power series of ε and of 1/(r0 + (2π)−1 log |ε|), with r0 ∈ R. The coefficients of
such series are given in terms of solutions of recursive systems of integral equations. We obtain a simplified expression for the
series expansion of uε(p) in the case of a ring domain.
Keywords: Dirichlet problem for the Laplace equation, doubly connected domain, singularly perturbed perforated domain,
potential theory, real analytic continuation in Banach space
1. Introduction
This paper continues the work started by the first two authors in [9] and [12] and is devoted to the
Dirichlet problem for the Laplace equation in a domain with a small hole of diameter proportional to a
real parameter ε. In [9] such problem is addressed in the case of a perforated domain in Rn with n  3,
while [12] deals with the two-dimensional case and the behaviour of uε for ε small is described in terms
of real analytic functions of two variables evaluated at the pair (ε, 1/ log |ε|). The results in [12] are
based on the representation
uε(p) = Up[ε] +G[ε] Vp[ε]
R[ε] + (2π)−1 log |ε| ,
where Up[ε], Vp[ε], G[ε] and R[ε] are real analytic functions of ε defined in a neighbourhood of 0 (cf.
[24]). The aim of the present paper is to describe a series expansion of the function which takes ε to
uε(p) for ε close to 0. To do so, we first obtain explicit expressions for the coefficients of the power
series expansions of Up[ε], Vp[ε], G[ε] and R[ε] for ε close to 0 and then we write uε(p) in terms of
a convergent power series of ε and of 1/(R[0] + (2π)−1 log |ε|). The coefficients of such series are
*Corresponding author. Tel.: +351 234372543, Fax: +351 234370066; E-mail: matteo.dallariva@gmail.com.
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given in terms of solutions of certain recursive systems of integral equations which can be solved by an
iterative procedure. The method presented for the analysis of this simple model example is applicable to
boundary value problems of different nature, in particular problems with nonlinear boundary conditions
and in dimension higher than two.
Boundary value problems in domains with small holes are typical in the frame of asymptotic analysis
and are usually investigated by means of asymptotic expansion methods. As an example, we mention the
method of matching outer and inner asymptotic expansions proposed by Il’in (see [17,18] and [19]) and
the compound asymptotic expansion method of Maz’ya, Nazarov and Plamenevskij, which allows the
treatment of general Douglis–Nirenberg elliptic boundary value problems in domains with perforations
and corners (cf. [26]). Moreover, in Kozlov, Maz’ya and Movchan [20] one can find the study of bound-
ary value problems in domains depending on a small parameter ε in such a way that the limit regions
as ε tends to 0 consist of subsets of different space dimensions. More recently, Maz’ya, Movchan and
Nieves provided the asymptotic analysis of Green’s kernels in domains with small cavities by applying
the method of mesoscale asymptotic approximations (cf. [25]).
Boundary value problems in domains with small holes have been considered also in the frame of shape
optimization. For example, in Nazarov and Sokołowsky [31], the authors apply the methods of matched
and compound asymptotic expansions in order to prove asymptotic expansions of shape functionals and
compute their topological derivatives. Instead, in [5] the method of multiscale asymptotic expansions is
adopted to study the case in which the distance between the holes tends to zero but remains large with
respect to their characteristic size. For the comparison of the two methods of multi-scale expansions and
matched asymptotic expansions for the analysis of singular perturbation problems in a model example,
we refer to Dauge, Tordeux and Vial [13].
This kind of problems has been extensively studied in applications. As an example, we mention Am-
mari and Kang [3], where layer potential techniques are used to derive high-order terms in the asymptotic
expansions of the steady-state voltage potentials in the presence of small inhomogeneities. In Vogelius
and Volkov [37], the Helmholtz equation is considered and the leading order boundary perturbations are
derived. In Bonnetier, Manceau and Triki [6], instead, the authors compute an asymptotic expansion of
the velocity field of a small deformable droplet immersed in an incompressible Newtonian fluid. The
asymptotic analysis of the flow past a small obstacle in the Hele–Shaw cell is performed by Mishuris,
Wrobel, and the third author in [27] by exploiting the results of Maz’ya, Movchan and Nieves [25]. For
applications to the reconstruction of small inclusions we mention the monograph of Ammari and Kang
[4] and the concrete cases analyzed by Ammari, Chen, Chen, Garnier and Volkov [1], and Ammari,
Garnier, Jugnon and Kang [2].
Methods based on functional equations and complex analysis have been exploited by the third author
in collaboration with Mityushev and Pesetskaya for the analysis of boundary value problems in mul-
tiply connected domains (see, e.g., [28] and [29]). Complex analytic methods are applied also in [33]
and in Vaitekhovich [36], where explicit solutions of boundary value problems for complex differential
equations are obtained in the case of ‘standard’ domains (in particular, for the circular ring domain).
In this paper we adopt an approach which is different from those of asymptotic analysis and functional
equations. Such an approach is based on functional analysis and potential theory and was proposed by
Lanza de Cristoforis with the aim of representing the dependence of the solution of a boundary value
problem upon perturbations of the domain in terms of real analytic functions (for the definition and
properties of real analytic maps in Banach spaces see, e.g., Deimling [14, Section 15]). This method
has been applied to investigate perturbation problems for the conformal representation, for the Schwarz
problem, and for boundary value problems for the Laplace and Poisson equations in a bounded domain
UN
CO
RR
EC
TE
D  
PR
OO
F
ASY ios2a v.2014/09/16 r101 arttype:RA Prn:9/01/2015; 13:32 F:asy1283.tex; VTEX/Diana p. 3
M. Dalla Riva et al. / Series expansions for the solution of the Dirichlet problem in a planar domain 3
1 1
2 2
3 3
4 4
5 5
6 6
7 7
8 8
9 9
10 10
11 11
12 12
13 13
14 14
15 15
16 16
17 17
18 18
19 19
20 20
21 21
22 22
23 23
24 24
25 25
26 26
27 27
28 28
29 29
30 30
31 31
32 32
33 33
34 34
35 35
36 36
37 37
38 38
39 39
40 40
41 41
42 42
43 43
44 44
45 45
46 46
with a small hole (cf., e.g., Lanza de Cristoforis [22,23] and [24], Preciso and the third author [32]).
Later on, the approach has been extended to nonlinear traction problems in elastostatics (cf., e.g., [8]),
to the Stokes’ flow (cf., e.g., [7]), and to the case of an infinite periodically perforated domain, also in
presence of nonlinear boundary conditions (cf., e.g., [11] and [30]). Moreover, this technique has been
applied to the analysis of effective properties of dilute composite materials (see [10]). The aim of the
present paper is to show that such an approach can be exploited also to compute explicit power series
expansions. For this reason, we choose to analyze, as a first example, a classical problem.
2. Formulation of the problem
We now present the problem considered in the paper. To do so, we introduce some notation. We fix
once for all
α ∈ ]0, 1[.
Then we fix two sets Ωo and Ωi in the two-dimensional Euclidean space 2. The letter ‘o’ stands
for ‘outer domain’ and the letter ‘i’ stands for ‘inner domain’. We assume that Ωo and Ωi satisfy the
following condition.
Ωo and Ωi are open bounded connected subsets of R2 of class C1,α such that R2 \Ωo and
R
2 \Ωi are connected,and such that the origin 0 of R2 belongs both to Ωo and Ωi. (1)
Here Ω denotes the closure of a subset Ω of R2. For the definition of functions and sets of the usual
Schauder classes C0,α and C1,α we refer for example to Gilbarg and Trudinger [16, Section 6.2]. We
note that condition (1) implies that Ωo and Ωi have no holes and that there exists a real number ε0 such
that
ε0 > 0 and εΩi ⊆ Ωo for all ε ∈ ]−ε0, ε0[.
Then we denote by Ω(ε) the perforated domain defined by
Ω(ε) ≡ Ωo \ (εΩi) ∀ε ∈ ]−ε0, ε0[.
A simple topological argument shows that Ω(ε) is an open bounded connected subset of R2 of class
C1,α for all ε ∈ ]−ε0, ε0[\{0}. Moreover, the boundary ∂Ω(ε) of Ω(ε) has exactly the two connected
components ∂Ωo and ε ∂Ωi, for all ε ∈ ]−ε0, ε0[. We also note that Ω(0) = Ωo \ {0}.
We now introduce the Dirichlet problem in Ω(ε). We fix once for all a pair of functions
(
go, gi
) ∈ C1,α(∂Ωo)× C1,α(∂Ωi).
Then for all ε ∈ ]−ε0, ε0[\{0}, we denote by uε the unique solution in C1,α(Ω(ε)) of the problem
{Δuε = 0 in Ω(ε),
uε(x) = go(x) for all x ∈ ∂Ωo,
uε(x) = gi(x/ε) for all x ∈ ε ∂Ωi,
(2)
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and we denote by u0 the unique solution in C1,α(Ωo) of the problem{
Δu0 = 0 in Ωo,
u0(x) = go(x) for all x ∈ ∂Ωo. (3)
Now, let p ∈ Ωo \ {0} and let εp ∈ ]0, ε0[ be such that p ∈ Ω(ε) for all ε ∈ ]−εp, εp[. Then uε(p) is
defined for all ε ∈ ]−εp, εp[ and we can ask the following question.
What can be said of the map from ]−εp, εp[ to R which takes ε to uε(p)?
One can answer this question in different ways. For example, by the techniques of the asymptotic anal-
ysis one can expect results which are expressed by means of regular functions of ε plus a remainder
which is smaller than a positive known function of ε. Instead, by the functional analytic approach of
Lanza de Cristoforis and collaborators one can describe the function which takes ε to uε(p) in terms
of real analytic functions of ε defined in a neighbourhood of 0 and of possibly singular but explicitly
known functions of ε (for example, 1/ε or log |ε|). Here we exploit such an approach to compute the
coefficients of a series expansion which describes the function which takes ε to uε(p) for ε close to 0. We
also consider the behavior of uε near the hole. To do so, we take a point q in R2 \Ωi and a real number
εq ∈ ]0, ε0[ such that εq ∈ Ω(ε) for all ε ∈ ]−εq, εq[\{0}. Then uε(εq) is defined for ε ∈ ]−εq, εq[\{0}
and we can try to describe the function which takes ε to uε(εq). By our functional analytic approach, we
can represent such a map in terms of real analytic functions of ε defined in a neighbourhood of 0 and of
possibly singular but explicitly known functions of ε. Then we exploit such a representation to compute
the coefficients of a series expansion.
3. Structure of the paper
The paper is organised as follows. Section 4 is a section of preliminaries where we convert problem (2)
into equivalent systems of integral equations. In Section 5 we compute the power series expansions of the
solutions of such systems of integral equations. In Section 6 we prove our main Theorems 6.3 and 6.4.
In Theorem 6.3 we consider the ‘macroscopic’ behaviour of the family {uε}ε∈ ]−ε0,ε0[ far from the hole.
To do so, we take an open subset ΩM of Ωo such that 0 /∈ ΩM and we observe that the restriction
uε|ΩM defines an element of C
1,α(ΩM) for ε in a neighbourhood of 0. Then we introduce the family
of coefficients {λM,(n,l)}(n,l)∈N2,ln+1 which we exploit to write a series expansion for the map which
takes ε to uε|ΩM. Here N denotes the set of natural numbers including 0. Instead, in Theorem 6.4 we
investigate the ‘microscopic’ behaviour of the family {uε}ε∈ ]−ε0,ε0[ near the hole. To do so, we consider
the rescaled function uε(ε·) which takes x ∈ (1/ε)Ω(ε) to uε(εx) for ε = 0. We take an open subset
Ωm of R2 \ Ωi and we observe that the restriction uε(ε·)|Ωm defines an element of C1,α(Ωm) for ε in
a deleted neighbourhood of 0. Then we introduce the family of coefficients {λm,(n,l)}(n,l)∈N2,ln+1 and
we write the series expansion of the map which takes ε to uε(ε·)|Ωm. Here the capital ‘M’ stands for
‘macroscopic’ and it is opposed to the small ‘m’ which stands for ‘microscopic’. In Section 7 we find
an expression for the principal coefficients λM,(0,0), λM,(0,1), λm,(0,0) and λm,(0,1) in terms of solutions of
certain auxiliary boundary value problems. We also write an expression for r0 ≡ R[0]. As a consequence
of such calculations, one can readily verify that the function −(2πr0 + log |ε|)−1 coincides for ε ∈
]0, 1[ with the function λ(ε) introduced by Il’in in [18, Chapter III, Eq. (3.18)] and that the function
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(r0 + (2π)−1 log |ε|) coincides for ε ∈ ]0, 1[ with the function μ(ε) introduced by Maz’ya, Nazarov and
Plamenevskij in [26, Section 2.4.1]. Finally, in Section 8 we consider the case where both Ωo and Ωi
coincide with the unit disc B of R2 and Ω(ε) is the ring domain {x ∈ R2: |ε| < |x| < 1}. Under this
assumption we show in Theorem 8.2 that the series expansions of the maps which take ε to uε|ΩM and to
uε(ε·)|Ωm can be notably simplified.
4. Preliminaries
4.1. Classical notions of potential theory
Let N be the function from R2 \ {0} to R defined by
N (x) ≡ 1
2π
log |x| ∀x ∈ R2 \ {0}.
As is well known, N is a fundamental solution for the Laplace operator in R2.
Let Ω be an open bounded subset of R2 of class C1,α. Let φ ∈ C0,α(∂Ω). Then SΩ[φ] denotes the
single layer potential with density φ. Namely,
SΩ[φ](x) ≡
∫
∂Ω
φ(y)N (x− y) dσy ∀x ∈ R2,
where dσ denotes the arc length element on ∂Ω. As is well known, SΩ[φ] is a continuous function
from R2 to R and the restrictions S−Ω [φ] ≡ SΩ[φ]|Ω and S+Ω [φ] ≡ SΩ[φ]|R2\Ω belong to C1,α(Ω) and to
C1,αloc (R2\Ω), respectively. Here C1,αloc (R2\Ω) denotes the space of functions on R2\Ω whose restrictions
to O belong to C1,α(O) for all open bounded subsets O of R2 \Ω. We note that the symbols S−Ω [φ] andS+Ω [φ] denote the restrictions of the single layer potential to the closure of the interior and of the exterior
of Ω, respectively.
Let ψ ∈ C1,α(∂Ω). Then DΩ[ψ] denotes the double layer potential with density ψ. Namely,
DΩ[ψ](x) ≡ −
∫
∂Ω
ψ(y)νΩ(y) · ∇N (x− y) dσy ∀x ∈ R2,
where νΩ denotes the outer unit normal to ∂Ω and the symbol · denotes the scalar product in R2. As
is well known, the restriction DΩ[ψ]|Ω extends to a function D−Ω[ψ] of C1,α(Ω) and the restriction
DΩ[ψ]|R2\Ω extends to a function D+Ω[ψ] of C1,αloc (R2 \ Ω). We observe that the symbols D−Ω[ψ] and
D+Ω[ψ] denote the extensions of the restrictions of the double layer potential to the closure of the interior
and of the exterior of Ω, respectively.
Let
KΩ[ψ](x) ≡ −
∫
∂Ω
ψ(y)νΩ(y) · ∇N (x− y) dσy ∀x ∈ ∂Ω
for all ψ ∈ C1,α(∂Ω), and
K∗Ω[φ](x) ≡
∫
∂Ω
φ(y)νΩ(x) · ∇N (x− y) dσy ∀x ∈ ∂Ω
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for all φ ∈ C0,α(∂Ω). Then KΩ is a compact operator from C1,α(∂Ω) to itself and K∗Ω is a compact
operator from C0,α(∂Ω) to itself (see Schauder [34] and [35]). The operators KΩ and K∗Ω are adjoint
one to the other with respect to the duality on C1,α(∂Ω)×C0,α(∂Ω) induced by the inner product of the
Lebesgue space L2(∂Ω) (cf., e.g., Kress [21, Chapter 4]). Moreover,
D∓Ω[ψ]|∂Ω = ±
1
2
ψ +KΩ[ψ] ∀ψ ∈ C1,α(∂Ω),
νΩ · ∇S∓Ω [φ]|∂Ω = ∓
1
2
φ+K∗Ω[φ] ∀φ ∈ C0,α(∂Ω)
(see, e.g., Folland [15, Chapter 3]).
Finally, if Ω is an open bounded subset of R2 of class C1,α and X is a subspace of L1(∂Ω), then we
denote by X0 the subspace of X consisting of those functions f such that
∫
∂Ω f dσ = 0.
4.2. The auxiliary operator M and the function (ρo[ε], ρi[ε])
We introduce here the operator M ≡ (Mo,M i,M c) which is related to a specific solution of the
boundary value problem
{
Δv = 0 in R2 \Ω(ε),
νΩ(ε) · ∇v(x) = 0 for all x ∈ ∂Ω(ε)
for ε ∈ ]−ε0, ε0[\{0}. The first and second components Mo and M i correspond to the boundary
conditions on ∂Ωo and on ε ∂Ωi, respectively. Such operator M ≡ (Mo,M i,M c) is defined from
]−ε0, ε0[×C0,α(∂Ωo) × C0,α(∂Ωi) to C0,α(∂Ωo) × C0,α(∂Ωi)0 × R and takes a triple (ε, ρo, ρi) to the
triple M [ε, ρo, ρi] ≡ (Mo[ε, ρo, ρi],M i[ε, ρo, ρi],M c[ε, ρo, ρi]) given by
Mo
[
ε, ρo, ρi
](x) ≡ 1
2
ρo(x) +K∗Ωo
[
ρo
](x) + ∫
∂Ωi
ρi(y)νΩo(x) · ∇N (x− εy) dσy ∀x ∈ ∂Ωo,
M i
[
ε, ρo, ρi
](x) ≡ 1
2
ρi(x) −K∗Ωi
[
ρi
](x) − ε∫
∂Ωo
ρo(y)νΩi(x) · ∇N (εx− y) dσy ∀x ∈ ∂Ωi,
M c
[
ε, ρo, ρi
] ≡ ∫
∂Ωi
ρi dσ − 1.
Then we have the following result of Lanza de Cristoforis [24, Section 3], where the pair of functions
(ρo[ε], ρi[ε]) is introduced (see also [12, Section 2.2]).
Proposition 4.1. The following statements hold.
(i) The operator M is real analytic.
(ii) If ε ∈ ]−ε0, ε0[, then there exists a unique pair (ρo[ε], ρi[ε]) ∈ C0,α(∂Ωo)×C0,α(∂Ωi) such that
M [ε, ρo[ε], ρi[ε]] = 0.
(iii) The map from ]−ε0, ε0[ to C0,α(∂Ωo)×C0,α(∂Ωi) which takes ε to (ρo[ε], ρi[ε]) is real analytic.
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Remark 4.2. By classical potential theory, one has that the function vε ∈ C1,α(Ω(ε)), defined by
vε(x) ≡
(
SΩo
[
ρo[ε]](x) + ∫
∂Ωi
ρi[ε](y)N (x− εy) dσy
)
×
(
1∫
∂Ωi dσ
∫
∂Ωi
SΩo
[
ρo[ε]](εy) + SΩi[ρi[ε]](y) dσy + log |ε|2π
)−1
for all x ∈ Ω(ε) and for all ε ∈ ]−ε0, ε0[\{0}, is the unique function in C1,α(Ω(ε)) such that
Δvε = 0 in Ω(ε), vε|∂Ωo = 0, vε|ε∂Ωi = 1
(cf. Folland [15, Chapter 3]). Moreover,
1∫
∂Ωi dσ
∫
∂Ωi
SΩo
[
ρo[ε]](εy) + SΩi[ρi[ε]](y) dσy + log |ε|2π = 0 (4)
for all ε ∈ ]−ε0, ε0[\{0} (see also [12, Remark 2.18]).
4.3. The auxiliary operator Λ and the function (θo[ε], θi[ε])
Now we introduce the operator Λ ≡ (Λo,Λi) related to the boundary value problem
⎧⎪⎨
⎪⎩
Δw = 0 in Ω(ε),
w(x) = go(x) for all x ∈ ∂Ωo,
w(x) = gi(x/ε) −
∫
∂Ωo
goρo[ε] dσ −
∫
∂Ωi
giρi[ε] dσ for all x ∈ ε∂Ωi
(5)
for ε ∈ ]−ε0, ε0[\{0}. The first component Λo corresponds to the boundary condition on ∂Ωo and the
second component Λi corresponds to the boundary condition on ε ∂Ωi. Such operator Λ ≡ (Λo,Λi) is
defined from ]−ε0, ε0[×C1,α(∂Ωo)×C1,α(∂Ωi)0 to C1,α(∂Ωo)×C1,α(∂Ωi) and takes a triple (ε, θo, θi)
to the pair Λ[ε, θo, θi] ≡ (Λo[ε, θo, θi],Λi[ε, θo, θi]) given by
Λo
[
ε, θo, θi
](x) ≡ 1
2
θo(x) +KΩo
[
θo
](x)
+ ε
∫
∂Ωi
θi(y)νΩi(y) · ∇N (x− εy) dσy − go(x) ∀x ∈ ∂Ωo,
Λi
[
ε, θo, θi
](x) ≡ 1
2
θi(x) −KΩi
[
θi
](x) +DΩo[θo](εx)
− gi(x) +
∫
∂Ωo
goρo[ε] dσ +
∫
∂Ωi
giρi[ε] dσ ∀x ∈ ∂Ωi.
Then we have the following result of Lanza de Cristoforis [24, Section 4], where the pair of functions
(θo[ε], θi[ε]) is introduced (see also [12, Section 2.3]).
Proposition 4.3. The following statements hold.
UN
CO
RR
EC
TE
D  
PR
OO
F
ASY ios2a v.2014/09/16 r101 arttype:RA Prn:9/01/2015; 13:32 F:asy1283.tex; VTEX/Diana p. 8
8 M. Dalla Riva et al. / Series expansions for the solution of the Dirichlet problem in a planar domain
1 1
2 2
3 3
4 4
5 5
6 6
7 7
8 8
9 9
10 10
11 11
12 12
13 13
14 14
15 15
16 16
17 17
18 18
19 19
20 20
21 21
22 22
23 23
24 24
25 25
26 26
27 27
28 28
29 29
30 30
31 31
32 32
33 33
34 34
35 35
36 36
37 37
38 38
39 39
40 40
41 41
42 42
43 43
44 44
45 45
46 46
(i) The operator Λ is real analytic.
(ii) If ε ∈ ]−ε0, ε0[, then there exists a unique pair (θo[ε], θi[ε]) ∈ C1,α(∂Ωo) × C1,α(∂Ωi)0 such
that Λ[ε, θo[ε], θi[ε]] = 0.
(iii) The map from ]−ε0, ε0[ to C1,α(∂Ωo)×C1,α(∂Ωi)0 which takes ε to (θo[ε], θi[ε]) is real analytic.
Remark 4.4. By classical potential theory, one has that the function wε ∈ C1,α(Ω(ε)), defined by
wε(x) ≡ D−Ωo
[
θo[ε]](x) −D+
Ωi
[
θi[ε](·/ε)](x) ∀x ∈ Ω(ε),
is the unique solution of (5) (cf. Folland [15, Chapter 3]).
4.4. The solution of the Dirichlet problem
By Remarks 4.2 and 4.4, we deduce the following Proposition 4.5 where we represent uε(x) and
uε(εx) by means of the functions ρo[ε], ρi[ε], θo[ε] and θi[ε] introduced in Propositions 4.1 and 4.3 (see
also Lanza de Cristoforis [24, Section 5] and [12, Section 2.4]).
Proposition 4.5. Let ε ∈ ]−ε0, ε0[\{0}. Then
uε(x) ≡D−Ωo
[
θo[ε]](x) + ε∫
∂Ωi
θi[ε](y)νΩi(y) · ∇N (x− εy) dσy
+
(∫
∂Ωo
goρo[ε] dσ +
∫
∂Ωi
giρi[ε] dσ
)
×
(
S−Ωo
[
ρo[ε]](x) + ∫
∂Ωi
ρi[ε](y)N (x− εy) dσy
)
×
(
1∫
∂Ωi dσ
∫
∂Ωi
SΩo
[
ρo[ε]](εy) + SΩi[ρi[ε]](y) dσy + log |ε|2π
)−1
for all x ∈ Ωo \ εΩi, and
uε(εx) ≡D−Ωo
[
θo[ε]](εx) −D+
Ωi
[
θi[ε]](x)
+
(∫
∂Ωo
goρo[ε] dσ +
∫
∂Ωi
giρi[ε] dσ
)(
S−Ωo
[
ρo[ε]](εx) + S+
Ωi
[
ρi[ε]](x) + log |ε|
2π
)
×
(
1∫
∂Ωi dσ
∫
∂Ωi
SΩo
[
ρo[ε]](εy) + SΩi[ρi[ε]](y) dσy + log |ε|2π
)−1
for all x ∈ (ε−1Ωo) \Ωi.
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5. Power series expansions of the auxiliary functions (ρo[ε], ρi[ε]) and (θo[ε], θi[ε]) around ε = 0
In the following Propositions 5.1 and 5.2 we consider the power series expansions around 0 of
(ρo[ε], ρi[ε]) and of (θo[ε], θi[ε]), respectively. In the proofs we exploit the equality
∂jε
(
F (εx)) = j∑
h=0
(
j
h
)
xh1x
j−h
2
(
∂h1 ∂
j−h
2 F
)(εx), (6)
which holds for all j ∈ N, ε ∈ R, x ≡ (x1,x2) ∈ R2, and for all functions F analytic in a neighbourhood
of εx. Here, if j ∈ {1, 2}, then (∂jF )(y) denotes the partial derivative with respect to xj of the function
F (x) ≡ F (x1,x2) evaluated at y ≡ (y1, y2) ∈ R2.
Proposition 5.1. Let (ρo[ε], ρi[ε]) be as in Proposition 4.1 for all ε ∈ ]−ε0, ε0[. Then there exist ερ ∈
]0, ε0[ and a sequence {(ρok, ρik)}k∈N in C0,α(∂Ωo) × C0,α(∂Ωi) such that
ρo[ε] =
+∞∑
k=0
ρok
k!
εk and ρi[ε] =
+∞∑
k=0
ρik
k!
εk ∀ε ∈ ]−ερ, ερ[, (7)
where the two series converge uniformly for ε ∈ ]−ερ, ερ[ in C0,α(∂Ωo) and in C0,α(∂Ωi), respectively.
Moreover, the pair of functions (ρo0, ρi0) is the unique solution in C0,α(∂Ωo)×C0,α(∂Ωi) of the following
system of integral equations
1
2
ρo0(x) +K∗Ωo
[
ρo0
](x) = −νΩo(x) · ∇N (x) ∀x ∈ ∂Ωo, (8)
1
2
ρi0(x) −K∗Ωi
[
ρi0
](x) = 0 ∀x ∈ ∂Ωi, (9)∫
∂Ωi
ρi0 dσ = 1, (10)
and for each k ∈ N \ {0} the pair (ρok, ρik) is the unique solution in C0,α(∂Ωo) × C0,α(∂Ωi) of the
following system of integral equations which involves {(ρoj , ρij)}k−1j=0 ,
1
2
ρok(x) +K∗Ωo
[
ρok
](x)
=
k∑
j=0
(
k
j
)
(−1)j+1
j∑
h=0
(
j
h
)
νΩo(x) ·
(∇∂h1 ∂j−h2 N)(x)
∫
∂Ωi
ρik−j(y)yh1 yj−h2 dσy
∀x ∈ ∂Ωo, (11)
1
2
ρik(x) −K∗Ωi
[
ρik
](x)
= k
k−1∑
j=0
(
k − 1
j
)
(−1)j+1
j∑
h=0
(
j
h
)
xh1x
j−h
2 νΩi(x) ·
∫
∂Ωo
ρok−1−j
(∇∂h1 ∂j−h2 N) dσ
∀x ∈ ∂Ωi, (12)
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∫
∂Ωi
ρik dσ = 0. (13)
Proof. The existence of ερ and of {(ρok, ρik)}k∈N such that (7) holds follows by the real analyticity of the
map which takes ε to (ρo[ε], ρi[ε]) (cf. Proposition 4.1(iii)). Then observe that M [ε, ρo[ε], ρi[ε]] = 0
for all ε ∈ ]−ε0, ε0[ (cf. Proposition 4.1(ii)). Accordingly, the map which takes ε to M [ε, ρo[ε], ρi[ε]]
has zero derivatives, i.e., ∂kε (M [ε, ρo[ε], ρi[ε]]) = 0 for all ε ∈ ]−ε0, ε0[ and all k ∈ N. Thus a straight-
forward calculation shows that
∂kε
(
Mo
[
ε, ρo[ε], ρi[ε]])(x)
=
1
2
∂kε ρ
o[ε](x) +K∗Ωo
[
∂kε ρ
o[ε]](x)
+
k∑
j=0
(
k
j
)
(−1)j
j∑
h=0
(
j
h
)
νΩo(x) ·
∫
∂Ωi
∂k−jε ρ
i[ε](y)yh1 yj−h2
(∇∂h1 ∂j−h2 N)(x− εy) dσy
= 0 ∀x ∈ ∂Ωo, (14)
∂kε
(
M i
[
ε, ρo[ε], ρi[ε]])(x)
=
1
2
∂kε ρ
i[ε](x) −K∗Ωi
[
∂kε ρ
i[ε]](x)
− ε
k∑
j=0
(
k
j
) j∑
h=0
(
j
h
)
xh1x
j−h
2
∫
∂Ωo
∂k−jε ρ
o[ε](y)νΩi(x) ·
(∇∂h1 ∂j−h2 N)(εx− y) dσy
− k
k−1∑
j=0
(
k − 1
j
) j∑
h=0
(
j
h
)
xh1x
j−h
2 νΩi(x)
×
∫
∂Ωo
∂k−1−jε ρ
o[ε](y)(∇∂h1 ∂j−h2 N)(εx− y) dσy = 0
∀x ∈ ∂Ωi, (15)
∂kε
(
M c
[
ε, ρo[ε], ρi[ε]]) = ∫
∂Ωi
∂kε ρ
i[ε] dσ − δ0,k = 0 (16)
for all ε ∈ ]−ε0, ε0[ and all k ∈ N, where we understand that
∑k−1
j=0 is omitted for k = 0 (see also (6)).
By standard properties of real analytic maps one has (ρok, ρik) = (∂kε ρo[0], ∂kε ρi[0]) for all k ∈ N. Then,
by taking ε = 0 in (14)–(16) one deduces that (ρo0, ρi0) is a solution of (8)–(10) and that (ρok, ρik) is a
solution of (11)–(13) for all k ∈ N \ {0}. The uniqueness of the solutions of (8)–(10) and of (11)–(13)
follows by classical potential theory (cf., e.g., Folland [15, Chapter 3]). 
Proposition 5.2. Let (θo[ε], θi[ε]) be as in Proposition 4.3 for all ε ∈ ]−ε0, ε0[. Then there exist εθ ∈
]0, ε0[ and a sequence {(θok, θik)}k∈N in C1,α(∂Ωo) × C1,α(∂Ωi)0 such that
θo[ε] =
∞∑
k=0
θok
k!
εk and θi[ε] =
∞∑
k=0
θik
k!
εk ∀ε ∈ ]−εθ, εθ[, (17)
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where the two series converge uniformly for ε ∈ ]−εθ, εθ[ in C1,α(∂Ωo) and in C1,α(∂Ωi)0, respectively.
Moreover, the pair (θo0 , θi0) is the unique solution in C1,α(∂Ωo) × C1,α(∂Ωi)0 of the following system of
integral equations
1
2
θo0(x) +KΩo
[
θo0
](x) = go(x) ∀x ∈ ∂Ωo, (18)
1
2
θi0(x) −KΩi
[
θi0
](x) = gi(x) − ∫
∂Ωo
goρo0 dσ −
∫
∂Ωi
giρi0 dσ −
∫
∂Ωo
θo0νΩo · ∇N dσ
∀x ∈ ∂Ωi, (19)
and for each k ∈ N \ {0} the pair (θok, θik) is the unique solution in C1,α(∂Ωo) × C1,α(∂Ωi)0 of the
following system of integral equations which involves {(θoj , θij)}k−1j=0 ,
1
2
θok(x) +KΩo
[
θok
](x)
= k
k−1∑
j=0
(
k − 1
j
)
(−1)j+1
j∑
h=0
(
j
h
)(∇∂h1 ∂j−h2 N)(x) ·
∫
∂Ωi
θik−1−j(y)νΩi(y)yh1 yj−h2 dσy
∀x ∈ ∂Ωo, (20)
1
2
θik(x) −KΩi
[
θik
](x)
= −
∫
∂Ωo
goρok dσ −
∫
∂Ωi
giρik dσ
+
k∑
j=0
(
k
j
)
(−1)j+1
j∑
h=0
(
j
h
)
xh1x
j−h
2
∫
∂Ωo
θok−jνΩo · ∇∂h1 ∂j−h2 N dσ ∀x ∈ ∂Ωi. (21)
Proof. The existence of εθ and {(θok, θik)}k∈N such that (17) hold follows by the real analyticity of the
map which takes ε to (θo[ε], θi[ε]) (cf. Proposition 4.3(iii)). Then observe that Λ[ε, θo[ε], θi[ε]] = 0 for
all ε ∈ ]−ε0, ε0[ (cf. Proposition 4.3(ii)). Accordingly, the map which takes ε to Λ[ε, θo[ε], θi[ε]] has
zero derivatives, i.e. ∂kε (Λ[ε, θo[ε], θi[ε]]) = 0 for all ε ∈ ]−ε0, ε0[ and all k ∈ N. Thus a straightforward
calculation shows that
∂kε
(
Λo
[
ε, θo[ε], θi[ε]])(x)
=
1
2
∂kε θ
o[ε](x) +KΩo
[
∂kε θ
o[ε]](x)
+ ε
k∑
j=0
(
k
j
)
(−1)j
j∑
h=0
(
j
h
)∫
∂Ωi
∂k−jε θ
i[ε](y)yh1 yj−h2 νΩi(y)
× (∇∂h1 ∂j−h2 N)(x− εy) dσy
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+ k
k−1∑
j=0
(
k − 1
j
)
(−1)j
j∑
h=0
(
j
h
)∫
∂Ωi
∂k−1−jε θ
i[ε](y)yh1 yj−h2 νΩi(y)
× (∇∂h1 ∂j−h2 N)(x− εy) dσy
− δ0,kgo(x) = 0 ∀x ∈ ∂Ωo, (22)
∂kε
(
Λi
[
ε, θo[ε], θi[ε]])(x)
=
1
2
∂kε θ
i[ε](x) −KΩi
[
∂kε θ
i[ε]](x)
−
k∑
j=0
(
k
j
) j∑
h=0
(
j
h
)
xh1x
j−h
2
∫
∂Ωo
∂k−jε θ
o[ε](y)νΩo(y) ·
(∇∂h1 ∂j−h2 N)(εx− y) dσy
− δ0,kgi(x) +
∫
∂Ωo
go ∂kε ρ
o[ε] dσ +
∫
∂Ωi
gi ∂kε ρ
i[ε] dσ = 0 ∀x ∈ ∂Ωi (23)
for all ε ∈ ]−ε0, ε0[ and all k ∈ N, where we understand that
∑k−1
j=0 is omitted for k = 0 (see also (6)). By
standard properties of real analytic maps one has (θok, θik) = (∂kε θo[0], ∂kε θi[0]) for all k ∈ N. Then, by
taking ε = 0 in (22) and (23) one deduces that (θo0 , θi0) is a solution of (18) and (19), and that (θok, θik) is a
solution of (20) and (21) for all k ∈ N\{0}. The uniqueness in C1,α(∂Ωo)×C1,α(∂Ωi)0 of the solutions
of (18), (19) and of (20), (21) follows by classical potential theory (cf., e.g., Folland [15, Chapter 3]). 
6. Series expansion of uε around ε = 0
In this section we provide a series expansion for uε and uε(ε·) for ε in a neighbourhood of 0. The co-
efficients of such series are written in terms of the sequences {(ρok, ρik)}k∈N and {(θok, θik)}k∈N introduced
in the previous Section 5. We begin with the following Proposition 6.1 which is deduced by Proposi-
tion 4.5, Propositions 5.1 and 5.2, equality (6), and by standard properties of real analytic maps (see also
Lanza de Cristoforis [24, Theorem 5.3] and [12, Theorem 3.1]).
Proposition 6.1. Let {(ρok, ρik)}k∈N and {(θok, θik)}k∈N be as in Propositions 5.1 and 5.2, respectively. Let
uM,0(x) ≡ D−Ωo
[
θo0
](x) ∀x ∈ Ωo \ {0},
and
uM,k(x)
≡ 1
k!
D−Ωo
[
θok
](x)
+
1
(k − 1)!
k−1∑
j=0
(
k − 1
j
)
(−1)j
j∑
h=0
(
j
h
)(∇∂h1 ∂j−h2 N)(x)
×
∫
∂Ωi
θik−1−j(y)νΩi(y)yh1 yj−h2 dσy
∀x ∈ Ωo \ {0}
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for all k ∈ N \ {0}. Let
vM,k(x) ≡ 1
k!
k∑
j=0
(
k
j
)
(−1)j
j∑
h=0
(
j
h
)(
∂h1 ∂
j−h
2 N
)(x)∫
∂Ωi
ρik−j(y)yh1 yj−h2 dσy
+
1
k!
S−Ωo
[
ρok
](x) ∀x ∈ Ωo \ {0},
um,k(x) ≡ 1
k!
k∑
j=0
(
k
j
)
(−1)j
j∑
h=0
(
j
h
)
xh1x
j−h
2
∫
∂Ωo
θok−jνΩo ·
(∇∂h1 ∂j−h2 N) dσ
− 1
k!D
+
Ωi
[
θik
](x) ∀x ∈ R2 \Ωi,
vm,k(x) ≡ 1
k!
k∑
j=0
(
k
j
)
(−1)j
j∑
h=0
(
j
h
)
xh1x
j−h
2
∫
∂Ωo
ρok−j ∂
h
1 ∂
j−h
2 N dσ +
1
k!S
+
Ωi
[
ρik
](x)
∀x ∈ R2 \Ωi,
gk ≡ 1
k!
∫
∂Ωo
goρok dσ +
1
k!
∫
∂Ωi
giρik dσ,
rk ≡ 1
k!
∫
∂Ωi dσ
k∑
j=0
(
k
j
)
(−1)j
j∑
h=0
(
j
h
)∫
∂Ωi
yh1 y
j−h
2 dσy
∫
∂Ωo
ρok−j ∂
h
1 ∂
j−h
2 N dσ
+
1
k!
∫
∂Ωi dσ
∫
∂Ωi
SΩi
[
ρik
]
dσ
for all k ∈ N. Then the following statements hold.
(i) There exists ε∗ ∈ ]0, ε0] such that the series
∑∞
k=0 gkε
k and
∑∞
k=0 rkε
k converge absolutely in
]−ε∗, ε∗[.
(ii) If ΩM ⊆ Ωo is open and such that 0 /∈ ΩM, then there exists εM ∈ ]0, ε∗]∩ ]0, 1[ such that
ΩM ∩ εΩi = ∅ for all ε ∈ ]−εM, εM[ and such that
uε|ΩM =
∞∑
k=0
uM,k|ΩMε
k +
( ∞∑
k=0
gkε
k
) ∑∞
k=0 vM,k|ΩMε
k∑∞
k=0 rkε
k + (2π)−1 log |ε| (24)
for all ε ∈ ]−εM, εM[\{0}. Moreover, the series
∑∞
k=0 uM,k|ΩMε
k and
∑∞
k=0 vM,k|ΩMε
k converge in
C1,α(ΩM) uniformly for ε ∈ ]−εM, εM[.
(iii) If Ωm ⊆ R2 \ Ωi is open and bounded, then there exists εm ∈ ]0, ε∗]∩ ]0, 1[ such that εΩm ⊆ Ωo
for all ε ∈ ]−εm, εm[ and such that
uε(ε·)|Ωm =
∞∑
k=0
um,k|Ωmε
k +
( ∞∑
k=0
gkε
k
)∑∞
k=0 vm,k|Ωmε
k + (2π)−1 log |ε|∑∞
k=0 rkε
k + (2π)−1 log |ε| (25)
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for all ε ∈ ]−εm, εm[\{0}. Moreover, the series
∑∞
k=0 um,k|Ωmε
k and
∑∞
k=0 vm,k|Ωmε
k converge in
C1,α(Ωm) uniformly for ε ∈ ]−εm, εm[.
Because of the presence of the quotients in (24) and (25), Proposition 6.1 does not provide yet an
expression for uε|ΩM and uε(ε·)|Ωm in terms of convergent series. In order to deduce from (24) and(25) the series expansions for the maps uε|ΩM and uε(ε·)|Ωm, we exploit the following Lemma 6.2, which
describes the derivatives of order n of the quotient of two real valued functions and which can be deduced
by the Faà di Bruno formula and by the generalised Leibniz rule.
Lemma 6.2. Let ε˜ > 0. Let f , g be real analytic functions from ]−ε˜, ε˜[ to R and assume that g(ε) = 0
for all ε ∈ ]−ε˜, ε˜[. Let n ∈ N \ {0}. Then we have
∂nε
(
f (ε)/g(ε)) = (∂nε f (ε))/g(ε) + n! n∑
k=1
∂n−kε f (ε)
(n− k)!
k∑
j=1
(−1)j
g(ε)j+1
∑
β∈(N\{0})j ,|β|=k
1
β!
j∏
h=1
∂βhε g(ε)
for all ε ∈ ]−ε˜, ε˜[.
We are now ready to prove our main Theorems 6.3 and 6.4 where we exhibit series expansions for the
maps which take ε to uε|ΩM and to uε(ε·)|Ωm, respectively.
Theorem 6.3. With the notation introduced in Proposition 6.1, let {aM,n}n∈N be the sequence of func-
tions from Ωo \ {0} to R defined by
aM,n ≡
n∑
k=0
gn−kvM,k ∀n ∈ N.
Let {λM,(n,l)}(n,l)∈N2,ln+1 be the family of functions from Ωo \ {0} to R defined by
λM,(n,0) ≡ uM,n, λM,(n,1) ≡ aM,n
for all n ∈ N, and
λM,(n,l) ≡ (−1)l−1
n∑
k=l−1
aM,n−k
∑
β∈(N\{0})l−1,|β|=k
l−1∏
h=1
rβh
for all n, l ∈ N with 2  l  n + 1. Let ΩM ⊆ Ωo be open and such that 0 /∈ ΩM. Then there exists
ε′M ∈ ]0, ε0]∩ ]0, 1[ such that ΩM ∩ εΩi = ∅ for all ε ∈ ]−ε′M, ε′M[ and such that
uε|ΩM =
∞∑
n=0
εn
n+1∑
l=0
λM,(n,l)|ΩM
(r0 + (2π)−1 log |ε|)l (26)
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for all ε ∈ ]−ε′M, ε′M[\{0}. Moreover, the series
∞∑
n=0
εn
n+1∑
l=0
λM,(n,l)|ΩMη
l
(r0η + (2π)−1)l
converges in C1,α(ΩM) uniformly for (ε, η) ∈ ]−ε′M, ε′M[× ]1/ log ε′M,−1/ log ε′M[.
Proof. Let εM be as in Proposition 6.1(ii). Let AM[ε] ≡
∑∞
k=0 aM,k|ΩMε
k and R[ε] ≡ ∑∞k=0 rkεk
for all ε ∈ ]−εM, εM[. By (4) and by Proposition 6.1 one deduces that there exists ε˜M ∈ ]0, εM] such
that R[ε]η + (2π)−1 = 0 for all (ε, η) ∈ ]−ε˜M, ε˜M[× ]1/ log ε˜M,−1/ log ε˜M[. Then the map F from
]−ε˜M, ε˜M[× ]1/ log ε˜M,−1/ log ε˜M[ to C1,α(ΩM) which takes (ε, η) to
F [ε, η] ≡ AM[ε]η
R[ε]η + (2π)−1
is real analytic. Accordingly there exists ε′M ∈ ] 0, ε˜M] such that
F [ε, η] =
∞∑
n=0
εn
n!
∂nε F [0, η]
for all (ε, η) ∈ ]−ε′M, ε′M[× ]1/ log ε′M,−1/ log ε′M[ and the series converges in C1,α(ΩM) uniformly for
(ε, η) ∈ ]−ε′M, ε′M[× ]1/ log ε′M,−1/ log ε′M[. Then we calculate ∂nε F [0, η]. By Lemma 6.2, by standard
calculus in Banach spaces, and by a straightforward computation we have
∂nε F [ε, η] = ∂nε
AM[ε]η
R[ε]η + (2π)−1
=
∂nεAM[ε]η
R[ε]η + (2π)−1
+ n!
n∑
k=1
∂n−kε AM[ε]η
(n− k)!
k∑
j=1
(−1)j
(R[ε]η + (2π)−1)j+1
×
∑
β∈(N\{0})j ,|β|=k
1
β!
j∏
h=1
∂βhε
(
R[ε]η + (2π)−1)
=
∂nεAM[ε]η
R[ε]η + (2π)−1
+ n!
n∑
j=1
(−1)jηj+1
(R[ε]η + (2π)−1)j+1
n∑
k=j
∂n−kε AM[ε]
(n− k)!
∑
β∈(N\{0})j ,|β|=k
1
β!
j∏
h=1
∂βhε R[ε] (27)
for all (ε, η) ∈ ]−εM, εM[× ]1/ log εM,−1/ log εM[ and for all n ∈ N \ {0}. Now, by taking ε = 0 in
(27) and by Proposition 6.1(ii) the validity of the statement follows. 
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Theorem 6.4. With the notation introduced in Proposition 6.1, let {am,n}n∈N be the sequence of func-
tions from R2 \Ωi to R defined by
am,n ≡
n∑
k=0
gn−k(vm,k − rk) ∀n ∈ N.
Let {λm,(n,l)}(n,l)∈N2,ln+1 be the family of functions from R2 \Ωi to R defined by
λm,(n,0) ≡ um,n + gn, λm,(n,1) ≡ am,n
for all n ∈ N, and
λm,(n,l) ≡ (−1)l−1
n∑
k=l−1
am,n−k
∑
β∈(N\{0})l−1,|β|=k
l−1∏
h=1
rβh
for all n, l ∈ N with 2  l  n + 1. Let Ωm ⊆ R2 \ Ωi be open and bounded. Then there exists
ε′m ∈ ]0, ε0]∩ ]0, 1[ such that εΩm ⊆ Ωo for all ε ∈ ]−ε′m, ε′m[ and such that
uε(ε·)|Ωm =
∞∑
n=0
εn
n+1∑
l=0
λm,(n,l)|Ωm
(r0 + (2π)−1 log |ε|)l (28)
for all ε ∈ ]−ε′m, ε′m[\{0}. Moreover, the series
∞∑
n=0
εn
n+1∑
l=0
λm,(n,l)|Ωmη
l
(r0η + (2π)−1)l
converges in C1,α(Ωm) uniformly for (ε, η) ∈ ]−ε′m, ε′m[× ]1/ log ε′m,−1/ log ε′m[.
Proof. Let εm be as in Proposition 6.1(iii). Let
A˜m[ε] ≡
∞∑
n=0
(
n∑
k=0
gn−kvm,k|Ωm
)
εn, G[ε] ≡
∞∑
n=0
gnε
n and R[ε] ≡
∞∑
n=0
rnε
n
for all ε ∈ ]−εm, εm[. By (4) and by Proposition 6.1 one deduces that there exists ε˜m ∈ ]0, εm] such that
R[ε]η + (2π)−1 = 0 for all (ε, η) ∈ ]−ε˜m, ε˜m[× ]1/ log ε˜m,−1/ log ε˜m[. Then we have
A˜m[ε]η + (2π)−1G[ε]
R[ε]η + (2π)−1 =
(A˜m[ε] −G[ε]R[ε])η
R[ε]η + (2π)−1 +G[ε]
for all (ε, η) ∈ ]−ε˜m, ε˜m[× ]1/ log ε˜m,−1/ log ε˜m[. Now set Am[ε] ≡ A˜m[ε] − G[ε]R[ε] for all ε ∈
]−ε˜m, ε˜m[ and observe that
Am[ε] =
∞∑
n=0
am,n|Ωmε
n ∀ε ∈ ]−ε˜m, ε˜m[, (29)
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where the series converges in C1,α(Ωm) uniformly for ε ∈ ]−ε˜m, ε˜m[. Moreover, the map from
]−ε˜m, ε˜m[× ]1/ log ε˜m,−1/ log ε˜m[ to C1,α(Ωm) which takes (ε, η) to
Am[ε]η
R[ε]η + (2π)−1
is real analytic. Thus, by arguing as for AM[ε]η/(R[ε]η + (2π)−1) in the proof of Theorem 6.3, one
verifies that
∂nε
Am[ε]η
R[ε]η + (2π)−1
=
∂nεAm[ε]η
R[ε]η + (2π)−1
+ n!
n∑
j=1
(−1)jηj+1
(R[ε]η + (2π)−1)j+1
n∑
k=j
∂n−kε Am[ε]
(n− k)!
∑
β∈(N\{0})j ,|β|=k
1
β!
j∏
h=1
∂βhε R[ε] (30)
for all (ε, η) ∈ ]−ε˜m, ε˜m[× ]1/ log ε˜m,−1/ log ε˜m[ and for all n ∈ N \ {0}. Now, by taking ε = 0 in
(30), by Proposition 6.1(iii), by (29), and by standard properties of real analytic maps the validity of the
statement follows. 
We observe that one could exploit (24) and (25) to write uε|ΩM and uε(ε·)|Ωm in terms of a power series
of ε and 1/ log |ε|. However, the expressions in (26) and (28) have their own advantages. Indeed, one can
easily compare (26) and (28) with the asymptotic approximations of Il’in [19] and of Maz’ya, Nazarov
and Plamenevskij [26]. Moreover, for each fixed n′ ∈ N, the equalities in (26) and (28) provide finite
sums which approximates uε|ΩM and uε(ε·)|Ωm up to a remainders in O(εn
′+1). In particular, if p ∈ ΩM
and q ∈ Ωm, then one has the asymptotic formulas
uε(p) =
n′∑
n=0
εn
n+1∑
l=0
λM,(n,l)(p)
(r0 + (2π)−1 log |ε|)l + O
(
εn
′+1) as ε → 0 (31)
and
uε(εq) =
n′∑
n=0
εn
n+1∑
l=0
λm,(n,l)(q)
(r0 + (2π)−1 log |ε|)l + O
(
εn
′+1) as ε → 0. (32)
7. Principal terms in the series expansion of uε around ε = 0
By taking n′ = 0 in (31) and (32) one has
uε(p) = λM,(0,0)(p) + λM,(0,1)(p)
r0 + (2π)−1 log |ε| + O(ε) as ε → 0
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and
uε(εq) = λm,(0,0)(q) + λm,(0,1)(q)
r0 + (2π)−1 log |ε| + O(ε) as ε → 0.
In this section we provide an expression for λM,(0,0), λM,(0,1), λm,(0,0), λm,(0,1) and r0 by means of the
solutions of certain auxiliary boundary value problems. To do so we exploit the following Lemmas 7.1
and 7.2 where we show some properties of the functions ρo0 and ρi0 introduced in Proposition 5.1.
Lemma 7.1. Let x ∈ Ωo be fixed. Let Hox ∈ C1,α(Ωo) be the solution of{
ΔHox = 0 in Ωo,
Hox(y) = N (x− y) for all y ∈ ∂Ωo.
Then SΩo[ρo0](x) = −Hox(0).
Proof. Let u ∈ C1,α(Ωo) and Δu = 0 in Ωo. Then by classical potential theory there exists μ ∈
C1,α(∂Ωo) such that u = D−Ωo[μ] (cf., e.g., Folland [15, Chapter 3]). Then by the jump properties of the
double layer potential, by standard properties of adjoint operators, and by equality (8), one has
∫
∂Ωo
u|∂Ωoρo0 dσ =
∫
∂Ωo
D−Ωo[μ]|∂Ωoρo0 dσ
=
∫
∂Ωo
(
1
2
μ+KΩo[μ]
)
ρo0 dσ =
∫
∂Ωo
μ
(
1
2
ρo0 +K∗Ωo
[
ρo0
])
dσ
=−
∫
∂Ωo
μ(y)νΩo(y) · ∇N (y) dσy = −D−Ωo[μ](0) = −u(0) (33)
(see also Section 4.1). Thus
SΩo
[
ρo0
](x) = ∫
∂Ωo
N (x− y)ρo0(y) dσ =
∫
∂Ωo
Hox|∂Ωoρ
o
0 dσ = −Hox(0). 
Lemma 7.2. Let x ∈ R2 \ ∂Ωi be fixed. Let H ix ∈ C1,αloc (R2 \Ωi) be the solution of
⎧⎪⎨
⎪⎩
ΔH ix = 0 in R2 \Ωi,
H ix(y) = N (x− y) for all y ∈ ∂Ωi,
sup
y∈R2\Ωi
∣∣H ix(y)∣∣ < +∞.
Then SΩi[ρi0](x) = limy→∞H ix(y). Moreover, the restriction S−Ωi[ρi0] is constant and equal to
limy→∞H i0(y).
Proof. Let u ∈ C1,αloc (R2 \ Ωi), Δu = 0 in R2 \ Ωi, and supx∈R2\Ωi |u(x)| < +∞. Then by classical
potential theory there exists μ ∈ C1,α(∂Ωi) such that u = D+
Ωi
[μ] + limy→∞ u(y) (cf., e.g., Folland
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[15, Chapter 3]). Then by equalities (9) and (10), by the jump properties of the double layer potential,
and by the standard properties of adjoint operators, one has
∫
∂Ωi
u|∂Ωiρ
i
0 dσ =
∫
∂Ωi
D+
Ωi
[μ]|∂Ωiρi0 dσ + limy→∞u(y)
=
∫
∂Ωi
(
−1
2
μ+KΩi[μ]
)
ρi0 dσ + limy→∞u(y)
=
∫
∂Ωi
μ
(
−1
2
ρi0 +K∗Ωi
[
ρi0
])
dσ + lim
y→∞u(y) = limy→∞u(y) (34)
(see also Section 4.1). Thus
SΩi
[
ρi0
](x) = ∫
∂Ωi
N (x− y)ρi0(y) dσy =
∫
∂Ωi
H ix(y)ρi0(y) dσy = limy→∞H
i
x(y).
Also, by equality (9) and by the jump properties of the single layer potential we have νΩi ×
∇S−
Ωi
[ρi0]|∂Ωi = 0. Thus S−Ωi[ρi0] is constant in Ωi and the validity of the statement follows. 
We are now ready to prove the main result of this section. We recall that u0 denotes the unique solution
in C1,α(Ωo) of (3). In the sequel, ui is the unique function in C1,αloc (R2 \Ωi) such that⎧⎪⎨
⎪⎩
Δui = 0 in R2 \Ωi,
ui(x) = gi(x) for all x ∈ ∂Ωi,
sup
x∈R2\Ωi
∣∣ui(x)∣∣ < +∞.
Proposition 7.3. The following equalities hold.
λM,(0,0)(x) = u0(x) ∀x ∈ Ωo \ {0},
λM,(0,1)(x) =
(
lim
y→∞u
i(y) − u0(0)
)(
N (x) −Hox(0)
) ∀x ∈ Ωo \ {0},
λm,(0,0)(x) = ui(x) ∀x ∈ R2 \Ωi,
λm,(0,1)(x) =
(
lim
y→∞u
i(y) − u0(0)
)
lim
y→∞
(
H ix(y) −H i0(y)
) ∀x ∈ R2 \Ωi,
r0 = lim
y→∞H
i
0(y) −Ho0 (0).
Proof. We first observe that∫
∂Ωo
goρo0 dσ = −u0(0) and
∫
∂Ωi
giρi0 dσ = limy→∞u
i(y)
(cf. (33) and (34)). Then by Lemmas 7.1 and 7.2, by the definitions of uM,0, vM,0, um,0, vm,0, Ho0 and
r0 in Proposition 6.1, by equalities (10), (18) and (19), and by the jump properties of the double layer
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potential (cf. Section 4.1) one deduces that
uM,0(x) = D−Ωo
[
θo0
](x) = u0(x) ∀x ∈ Ωo \ {0},
vM,0(x) = S−Ωo
[
ρo0
](x) +N (x) = −Hox(0) +N (x) ∀x ∈ Ωo \ {0},
um,0(x) = DΩo
[
θo0
](0) −D+
Ωi
[
θi0
](x) = u0(0) + ui(x) − lim
y→∞u
i(y) ∀x ∈ R2 \Ωi,
vm,0(x) = SΩo
[
ρo0
](0) + S+
Ωi
[
ρi0
](x) = −Ho0 (0) + limy→∞H ix(y) ∀x ∈ R2 \Ωi,
Ho0 =
∫
∂Ωo
goρo0 dσ +
∫
∂Ωi
giρi0 dσ = −u0(0) + limy→∞u
i(y),
r0 =
∫
∂Ωo
Nρo0 dσ +
∫
∂Ωi
Nρi0 dσ = −Ho0 (0) + limy→∞H
i
0(y).
Then the validity of the statement follows by the definition of λM,(0,0) and λM,(0,1) in Theorem 6.3, and of
λm,(0,0) and λm,(0,1) in Theorem 6.4. 
8. Ring domain
We consider here the case where Ωo and Ωi coincide with the open unit disc B ≡ {x ∈ R2: |x| < 1}
and accordingly Ω(ε) = {x ∈ R2: |ε| < |x| < 1} for all ε ∈ ]−1, 1[. With such an assumption we have
ρo[ε](x) = − 1
2π
and ρi[ε](x) = 1
2π
∀x ∈ ∂B, ε ∈ ]−1, 1[ (35)
(see [12, Proof of Example 3.8]). Then Proposition 4.5 implies the validity of the following Proposi-
tion 8.1.
Proposition 8.1. Let Ωo = Ωi = B and Ω(ε) = {x ∈ R2: |ε| < |x| < 1} for all ε ∈ ]−1, 1[. Let
ε ∈ ]−1, 1[\{0}. Let (θo[ε], θi[ε]) be as in Proposition 4.3 for all ε ∈ ]−ε0, ε0[. Then
uε(x) ≡D−B
[
θo[ε]](x) + ε∫
∂B
θi[ε](y)y · ∇N (x− εy) dσy
−
(∫
∂B
go dσ −
∫
∂B
gi dσ
)
N (x)
log |ε| ∀x ∈ B \ εB
and
uε(εx) ≡D−B
[
θo[ε]](εx) −D+
B
[
θi[ε]](x)
−
(∫
∂B
go dσ −
∫
∂B
gi dσ
)(
N (x)
log |ε| +
1
2π
)
∀x ∈ (ε−1B) \ B.
Proof. For ε ∈ ]−1, 1[\{0}, let vε be as in Remark 4.2 with Ωo = Ωi = B. By the uniqueness of the
solution of the Dirichlet problem one has vε(x) = N (x)/((2π)−1 log |ε|) for all x ∈ Ω(ε). Then the
validity of the statement follows by Proposition 4.5, by (35), and by a straightforward calculation. 
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Then by Propositions 6.1 and 8.1 one deduces the validity of the following Theorem 8.2.
Theorem 8.2. Let Ωo = Ωi = B and Ω(ε) = {x ∈ R2: |ε| < |x| < 1} for all ε ∈ ]−1, 1[. Let
{(θok, θik)}k∈N be as in Proposition 5.2. Let
uM,0(x) ≡ D−B
[
θo0
](x) ∀x ∈ B \ {0}
and
uM,k(x) ≡ 1(k − 1)!
k−1∑
j=0
(
k − 1
j
)
(−1)j
j∑
h=0
(
j
h
)(∇∂h1 ∂j−h2 N (x)) ·
∫
∂B
θik−1−j(y)yyh1 yj−h2 dσy
+
1
k!D
−
B
[
θok
](x) ∀x ∈ B \ {0}
for all k ∈ N \ {0}. Let
um,k(x) ≡ 1
k!
k∑
j=0
(
k
j
)
(−1)j
j∑
h=0
(
j
h
)
xh1x
j−h
2
∫
∂B
θok−j(y)y ·
(∇∂h1 ∂j−h2 N)(y) dσy
− 1
k!
D+
B
[
θik
](x) ∀x ∈ R2 \ B
for all k ∈ N. Then the following statements hold.
(i) If ΩM ⊆ B is open and such that 0 /∈ ΩM, then there exists εM ∈ ]0, 1[ such that ΩM ∩ εB = ∅ for
all ε ∈ ]−εM, εM[ and such that
uε|ΩM =
∞∑
k=0
uM,k|ΩMε
k −
(∫
∂B
go dσ −
∫
∂B
gi dσ
)
N|ΩM
log |ε| ∀ε ∈ ]−εM, εM[\{0}.
The series
∑∞
k=0 uM,k|ΩMε
k converges in C1,α(ΩM) uniformly for ε ∈ ]−εM, εM[.
(ii) If Ωm ⊆ R2 \ B is open and bounded, then there exists εm ∈ ]0, 1[ such that εΩm ⊆ B for all
ε ∈ ]−εm, εm[ and such that
uε(ε·)|Ωm =
∞∑
k=0
um,k|Ωmε
k −
(∫
∂B
go dσ −
∫
∂B
gi dσ
)(
N|Ωm
log |ε| +
1
2π
)
∀ε ∈ ]−εm, εm[\{0}.
The series
∑∞
k=0 um,k|Ωmε
k converges in C1,α(Ωm) uniformly for ε ∈ ]−εm, εm[.
UN
CO
RR
EC
TE
D  
PR
OO
F
ASY ios2a v.2014/09/16 r101 arttype:RA Prn:9/01/2015; 13:32 F:asy1283.tex; VTEX/Diana p. 22
22 M. Dalla Riva et al. / Series expansions for the solution of the Dirichlet problem in a planar domain
1 1
2 2
3 3
4 4
5 5
6 6
7 7
8 8
9 9
10 10
11 11
12 12
13 13
14 14
15 15
16 16
17 17
18 18
19 19
20 20
21 21
22 22
23 23
24 24
25 25
26 26
27 27
28 28
29 29
30 30
31 31
32 32
33 33
34 34
35 35
36 36
37 37
38 38
39 39
40 40
41 41
42 42
43 43
44 44
45 45
46 46
Acknowledgements
The research of M. Dalla Riva was supported by Portuguese funds through the CIDMA – Cen-
ter for Research and Development in Mathematics and Applications, and the Portuguese Foundation
for Science and Technology (“FCT–Fundação para a Ciência e a Tecnologia”), within project PEst-
OE/MAT/UI4106/2014. The research of M. Dalla Riva was also supported by the Portuguese Founda-
tion for Science and Technology (“FCT–Fundação para a Ciência e a Tecnologia”) with the research
grant SFRH/BPD/64437/2009. The research of P. Musolino was partially supported by the “Accademia
Nazionale dei Lincei” through a scholarship “Royal Society”. P. Musolino is member of the Gruppo
Nazionale per l’Analisi Matematica, la Probabilità e le loro Applicazioni (GNAMPA) of the Istituto
Nazionale di Alta Matematica (INdAM). The work of M. Dalla Riva and P. Musolino is also supported
by “Progetto di Ateneo: Singular perturbation problems for differential operators – CPDA120171/12”
of the University of Padova. The research of S.V. Rogosin was partially supported by the FP7-PEOPLE-
2009-IAPP grant PIAP-GA-2009-251475 HYDROFRAC and the FP7-PEOPLE-2013-IRSES-610547
TAMER.
References
[1] H. Ammari, J. Chen, Z. Chen, J. Garnier and D. Volkov, Target detection and characterization from electromagnetic
induction data, J. Math. Pures Appl. 101 (2014), 54–75.
[2] H. Ammari, J. Garnier, V. Jugnon and H. Kang, Stability and resolution analysis for a topological derivative based imaging
functional, SIAM J. Control Opt. 50 (2012), 48–76.
[3] H. Ammari and H. Kang, High-order terms in the asymptotic expansions of the steady-state voltage potentials in the
presence of conductivity inhomogeneities of small diameter, SIAM J. Math. Anal. 34 (2003), 1152–1166.
[4] H. Ammari and H. Kang, Polarization and Moment Tensors. With Applications to Inverse Problems and Effective Medium
Theory, Applied Mathematical Sciences, Vol. 162, Springer, New York, 2007.
[5] V. Bonnaillie-Noël, M. Dambrine, S. Tordeux and G. Vial, Interactions between moderately close inclusions for the
Laplace equation, Math. Models Methods Appl. Sci. 19 (2009), 1853–1882.
[6] E. Bonnetier, D. Manceau and F. Triki, Asymptotic of the velocity of a dilute suspension of droplets with interfacial
tension, Quart. Appl. Math. 71 (2013), 89–117.
[7] M. Dalla Riva, Stokes flow in a singularly perturbed exterior domain, Complex Var. Elliptic Equ. 58 (2013), 231–257.
[8] M. Dalla Riva and M. Lanza de Cristoforis, Weakly singular and microscopically hypersingular load perturbation for a
nonlinear traction boundary value problem: a functional analytic approach, Complex Anal. Oper. Theory 5 (2011), 811–
833.
[9] M. Dalla Riva and P. Musolino, Real analytic families of harmonic functions in a domain with a small hole, J. Differential
Equations 252 (2012), 6337–6355.
[10] M. Dalla Riva and P. Musolino, A singularly perturbed nonideal transmission problem and application to the effective
conductivity of a periodic composite, SIAM J. Appl. Math. 73 (2013), 24–46.
[11] M. Dalla Riva and P. Musolino, A singularly perturbed nonlinear traction problem in a periodically perforated domain:
a functional analytic approach, Math. Methods Appl. Sci. 37 (2013), 106–122.
[12] M. Dalla Riva and P. Musolino, Real analytic families of harmonic functions in a planar domain with a small hole, J. Math.
Anal. Appl. 422 (2015), 37–55.
[13] M. Dauge, S. Tordeux and G. Vial, Selfsimilar perturbation near a corner: matching versus multiscale expansions for a
model problem, in: Around the Research of Vladimir Maz’ya. II, Int. Math. Ser. (NY), Vol. 12, Springer, New York, 2010,
pp. 95–134.
[14] K. Deimling, Nonlinear Functional Analysis, Springer-Verlag, Berlin, 1985.
[15] G.B. Folland, Introduction to Partial Differential Equations, Princeton Univ. Press, Princeton, NJ, 1995.
[16] D. Gilbarg and N.S. Trudinger, Elliptic Partial Differential Equations of Second Order, Classics in Mathematics, Springer-
Verlag, Berlin, 2001.
[17] A.M. Il’in, A boundary value problem for a second-order elliptic equation in a domain with a narrow slit. I. The two-
dimensional case, Math. USSR Sb. 28 (1978), 459–480.
[18] A.M. Il’in, Matching of Asymptotic Expansions of Solutions of Boundary Value Problems, Translations of Mathematical
Monographs, Vol. 102, American Mathematical Society, Providence, 1992.
UN
CO
RR
EC
TE
D  
PR
OO
F
ASY ios2a v.2014/09/16 r101 arttype:RA Prn:9/01/2015; 13:32 F:asy1283.tex; VTEX/Diana p. 23
M. Dalla Riva et al. / Series expansions for the solution of the Dirichlet problem in a planar domain 23
1 1
2 2
3 3
4 4
5 5
6 6
7 7
8 8
9 9
10 10
11 11
12 12
13 13
14 14
15 15
16 16
17 17
18 18
19 19
20 20
21 21
22 22
23 23
24 24
25 25
26 26
27 27
28 28
29 29
30 30
31 31
32 32
33 33
34 34
35 35
36 36
37 37
38 38
39 39
40 40
41 41
42 42
43 43
44 44
45 45
46 46
[19] A.M. Il’in, The boundary layer, in: Partial Differential Equations. V. Asymptotic Methods for Partial Differential Equa-
tions, M.V. Fedoryuk, ed., Encylopaedia of Mathematical Sciences, Vol. 34, Springer-Verlag, Berlin, 1999, pp. 173–210.
[20] V. Kozlov, V. Maz’ya and A. Movchan, Asymptotic Analysis of Fields in Multi-Structures, Oxford Mathematical Mono-
graphs, The Clarendon Press, Oxford Univ. Press, New York, 1999.
[21] R. Kress, Linear Integral Equations, Applied Mathematical Sciences, Vol. 82, Springer-Verlag, New York, 1999.
[22] M. Lanza de Cristoforis, Asymptotic behaviour of the conformal representation of a Jordan domain with a small hole in
Schauder spaces, Comput. Methods Funct. Theory 2 (2003), 1–27.
[23] M. Lanza de Cristoforis, Perturbation problems in potential theory, a functional analytic approach, J. Appl. Funct. Anal. 2
(2007), 197–222.
[24] M. Lanza de Cristoforis, Asymptotic behaviour of the solutions of the Dirichlet problem for the Laplace operator in a
domain with a small hole. A functional analytic approach, Analysis (Munich) 28 (2008), 63–93.
[25] V. Maz’ya, A. Movchan and M. Nieves, Green’s Kernels and Meso-Scale Approximations in Perforated Domains, Lecture
Notes in Mathematics, Vol. 2077, Springer, Berlin, 2013.
[26] V. Maz’ya, S. Nazarov and B. Plamenevskij, Asymptotic Theory of Elliptic Boundary Value Problems in Singularly Per-
turbed Domains, Operator Theory: Advances and Applications, Vols 111 and 112, Birkhäuser Verlag, Basel, 2000.
[27] G. Mishuris, S.V. Rogosin and M. Wrobel, Hele–Shaw flow with a small obstacle, Meccanica 49 (2014), 2037–2047.
[28] V.V. Mityushev, E. Pesetskaya and S.V. Rogosin, Analytical methods for heat conduction in composites and porous
media, in: Cellular and Porous Materials: Thermal Properties Simulation and Prediction, A. Öchsner, G.E. Murch and
M.J.S. de Lemos, eds, Wiley, Weinheim, 2008, pp. 124–167.
[29] V.V. Mityushev and S.V. Rogosin, Constructive Methods for Linear and Nonlinear Boundary Value Problems for Analytic
Functions, Chapman & Hall/CRC Monographs and Surveys in Pure and Applied Mathematics, Vol. 108, Chapman &
Hall/CRC, Boca Raton, FL, 2000.
[30] P. Musolino, A singularly perturbed Dirichlet problem for the Laplace operator in a periodically perforated domain.
A functional analytic approach, Math. Methods Appl. Sci. 35 (2012), 334–349.
[31] S.A. Nazarov and J. Sokołowski, Asymptotic analysis of shape functionals, J. Math. Pures Appl. (9) 82 (2003), 125–196.
[32] L. Preciso and S.V. Rogosin, Real analyticity of an operator associated to the Schwarz operator for multiply connected
domains, Zb. Pr. Inst. Mat. NAN Ukr. 1 (2004), 151–168.
[33] S.V. Rogosin and T. Vaitekhovich, On a biharmonic problem in a circular ring, Analysis (Munich) 30 (2010), 93–106.
[34] J. Schauder, Potentialtheoretische Untersuchungen, Math. Z. 33 (1931), 602–640.
[35] J. Schauder, Bemerkung zu meiner Arbeit “Potentialtheoretische Untersuchungen I (Anhang)”, Math. Z. 35 (1932), 536–
538.
[36] T.S. Vaitekhovich, Boundary value problems to first-order complex partial differential equations in a ring domain, Integral
Transforms Spec. Funct. 19 (2008), 211–233.
[37] M.S. Vogelius and D. Volkov, Asymptotic formulas for perturbations in the electromagnetic fields due to the presence of
inhomogeneities of small diameter, M2AN Math. Model. Numer. Anal. 34 (2000), 723–748.
